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Abstract
Motivated by numerical experiments and studies of quantum systems
which are classically chaotic, we take a Random Matrix description of a Hard-
sphere gas to Statistical Mechanical description. We apply this to Anyon gas
and obtain a formal expression for the momentum distribution. Various lim-
iting situations are discussed and are found in agreement with the well-known
results on Hard-sphere gas in low-density regime.
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Random Matrix Theory and Statistical Mechanics are employed for the description of
many-body systems like nuclei, metallic clusters and so on. During the last decade or so, it
has become increasingly clear that spectral fluctuations of simple quantum systems [1] whose
classical counterpart are chaotic, as well as the eigenfunctions, have features [2] in striking
agreement with random matrix theory (RMT). Originating from a conjecture of Berry [3]
regarding the eigenfunctions as a random superposition of plane waves, it was shown that
a contact with statistical mechanics can be realised [4]. In this Letter, we show that this
connection is indeed a way to relate RMT and Statistical Mechanics.
It is well-known that statistical mechanics in two dimensions is at the core of several
phenomena of great interest such as the fractional Hall effect, high-Tc superconductivity,
and others [5,6]. Unlike in three dimensions the analysis here is plagued with difficulties
stemming from an unusual, non-local exchange interaction potential. As a result identi-
cal particles in two dimensions exhibit statistics interpolating between the Fermi-Dirac and
Bose-Einstein distributions, generically these are termed as Anyons [7]. In this Letter, we
address this fundamental problem in two dimensions and cast it systematically employing
an ansatz for the eigenfunctions consistent with the connection mentioned above, and in-
corporate the Braid group governing exchange symmetries. We show a way to arrive at
the momentum distribution upto O(h¯2) and express it in terms of quantities involving the
counting problem in Braid group. Statistical mechanics of Anyons has been studied in the
past [8] and it is very interesting to see that the second virial coefficient obtained then and
now, give rise to a Sum Rule. However, in marked distinction with previous works, calcula-
tion of higher-order virial coefficients is also possible here - a facet which makes the present
approach a novel alternative. To this end, we argue that the third virial coefficient has the
form in agreement with some recent results. We re-iterate that the aim of this Letter is to
arrive at quantum statistical mechanics without having to make a hypothesis about thermal
bath, and that the present approach is guided by random matrix theory.
The fundamental hypotheses of RMT are (a) the hamiltonian of a given system belongs
to an ensemble of hamiltonians, and (b) real quantum mechanics is enough for description of
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physical systems if time-reversal symmetry is taken into account appropriately [9]. It is the
latter of the two that leads to exactly three universality classes in the RMT - Orthogonal
(even spin, time-reversal invariant, OE) Unitary (time-reversal non-invariant, UE) and Sym-
plectic Ensembles (odd spin, Time-Reversal Invariant, SE) [10]. Owing to the spin-statistics
connection in two dimensions [11], we know that there is fractional statistics and fractional
spin. In the context of symmetries, in two dimensions, parity (P) and time-reversal (T) both
are broken.
Let us consider a system of N hard spheres (’discs’ in two dimensions), each of radius a,
enclosed in a box of edge-length L+2a. Centres of two hard spheres ~xi and ~xj are such that
|~xi−~xj | ≥ 2a. The canonical pair of coordinates describing these particles are ( ~X, ~P ) where
~X = (~x1, ~x2, · · · , ~xN), ~P = (~p1, ~p2, · · · , ~pN). Energy eigenfunctions, ψα( ~X) corresponding to
eigenvalue Eα vanish on the boundary of the enclosure. A typical eigenfunction is irregular,
with a Gaussian amplitude distribution and the spatial correlation function of the same is
consistent with the conjecture of Berry which allows us to represent this eigenfunction as a
superposition [4] :
ψα( ~X) = Nα
∫
ddN ~PAα(~P )δ(P
2 − 2mEα) e
i
h¯
~X·~P (1)
with Nα given by the normalization constant, and A
′
αs satisfying the two-point correlation
function
〈A∗α(
~P )Aγ(~P
′)〉ME = δαγ
δdN(~P − ~P ′)
δ(~P 2 − ~P ′2)
, (2)
d denotes the number of coordinate-space dimensions. The average in (2) is a matrix-
ensemble (ME) average which originates from the fact that the hamiltonian, H of the system
belongs to an ensemble of matrices satisfying associative division algebra [10,12] in consis-
tency with quantum mechanics. The eigenstate ensemble (EE) used in [4] is nothing but a
consequence of underlying matrix ensemble in RMT, the eigenfunctions then satisfy all the
properties numerically observed and analytically represented in (1), (2) [13]. The correla-
tion functions (2) decide whether time-reversal symmetry is preserved (A∗α(
~P ) = Aα(−~P ))
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or broken (A∗α(
~P ) 6= Aα(−~P )), accordingly the corresponding matrix ensemble belongs to
OE or UE respectively. As noted in [4], the higher-order even-point correlation functions
factorize and the odd-ones vanish. A very important aspect of the ansatz (1), (2) is that the
Wigner function corresponding to ψα( ~X) is microcanonical, or, is proportional to δ(H−Eα)
which, in a sense, incorporates ergodicity. We note here that, starting from an ansatz very
similar to the one above, it is possible to obtain the quantum transport equation [14] where
it is important to relate a given quantum state with the admissible energy surface in phase
space; thus the above ansatz is in conceptual agreement with the ergodic aspect of many-
body system. Moreover, this choice fixes the Thomas-Fermi density of states naturally. It
now becomes important to emphasize that we must restrict ourselves to dilute gas of hard-
spheres and also assume that the size of sphere is much lesser than the thermal de Broglie
wavelength. Thus, the ansatz establishes, in fact, a link between RMT and statistical me-
chanics. We now incorporate the case of two dimensions which otherwise presents enormous
difficulties.
In two dimensions, the solutions of the Schro¨dinger equation, ψ(~x1, ~x2, · · · , ~xN), under
an exchange of two coordinates of particles satisfies
ψ(~x1, · · · , ~xi, · · · , ~xj, · · · , ~xN)
= eiπνψ(~x1, · · · , ~xj , · · · , ~xi, · · · , ~xN) (3)
where ν is arbitrary and defines statistics. For ν = 0 and ν = 1, with (2), one gets the Bose-
Einstein and Fermi-Dirac distributions. This non-trivial phase and the resulting boundary
condition arises from the fact that the effective configuration space, M2N has a fundamental
group, π1(M
2
N) = BN [15], the Braid group of N objects which is an infinite, non-abelian
group. BN is generated by (N − 1) elementary moves σ1, · · · , σN−1 satisfying the Artin
relations,
σiσi+1σi = σi+1σiσi+1 (i = 1, 2, · · · , N − 2)
σjσi = σiσi, |i− j| ≥ 2 (4)
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the inverse of σi is σ
−1
i , the identity is denoted by I , and the centre of Bn is generated by
(σ1σ2 · · ·σN−1)
N . The multivaluedness of the eigenfunction originates from the phase change
in effecting an interchange between two coordinates x
(1)
i and x
(2)
i (superscripts refering to
components) which can be expressed as
V = exp(iν
∑
i<j
φij),
φij = tan
−1 (
x
(2)
i − x
(2)
j
x
(1)
i − x
(1)
j
). (5)
The description adopted by us here is referred to as the Anyon Gauge. It is important
to realise that a set of coordinate configuration can be reached starting from some initial
coordinates of N particles in an infinite ways, each possibility manifested by an action of an
element β ∈ BN .
The connection between initial and final sequences is given by (3), via the character
χ(β) of the specific element. Thus, to every β ∈ BN , we can associate the affected partial
amplitude ψα(β : ~x) [16]. With one-dimensional unitary representation of the braid group,
the rudiments of quantum mechanics allow us to write
Φα( ~X) =
∑
β∈Bn
χ(β)ψα(β : ~X) (6)
where ψα(β : ~X) is the probability amplitude associated in changing a configuration ~X to
(β : ~X) - a configuartion after the action of β on ~X . The wavefunction Φα( ~X) is to be
understood as appropriately normalised. The ansatz for V ψα(β : ~X) is now
V ψα(β : ~X) = Nα
∫
d2N ~PAα(β : ~P )δ(P
2 − 2mEα)e
i
h¯
~X·~P (7)
with Aα(β : ~P ) satisfying
〈A∗α(β1 : ~P1)Aγ(β2 : ~P2)〉ME = δαγ
δ2N ((β1 : ~P1)− (β2 : ~P2))
δ(~P 21 − ~P
2
2 )
, (8)
(β1, β2 ∈ BN ), and Aα(~P ) satisfy the twisted boundary conditions,
Aα(~p1, · · · , ~pi, · · · , ~pj, · · · , ~pN)
= eiπνAα(~p1, · · · , ~pj, · · · , ~pi, · · · , ~pN) (9)
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The question now is in specifying exactly what the matrix ensemble is in this case? The
form of (8) with Aα’s not restricted to real, takes into account the T-breaking, and (9) makes
the ensemble handed or chiral as a result of P-breaking. Thus (7)-(9) gives the complete
description and the ME is, in fact, the chiral-Gaussian Unitary Ensemble (ch-GUE) [17]. It
can be easily shown that the Wigner distribution is
〈ρWα ( ~X, ~P )〉ME = n
−1
α h
−2Nδ(
P 2
2m
−Eα),
nα =
1
N !Γ(N)Eα
(
mL2Eα
2πh¯2
)N (10)
For the momentum distribution, we need to evaluate the ME-average of Φ˜∗α(
~P )Φ˜∗γ(
~P”)
with Φ˜ ≡ V Φα. With the above ansatz and conditions supplementing it, this average is
F(~P ) = 〈Φ˜∗α′(
~P )Φ˜∗γ(
~P”)〉ME =
h2Nδα′γNα′Nγ
∑
n,m=0
∑
β1(m)
∑
β2(n)
χ∗(β1)χ(β2)δ(P
2 − 2mEα′)
×δ2ND
( m∏
α=0
σ
ǫβ1
β1(α)
~P”−
n∏
α=0
σ
ǫβ2
β2(α)
~P
)∣∣∣∣
~P=~P”
(11)
where
δ2N
D
( ~Q) = h−2N
∫
Domain,D
d2NX exp (
i
h¯
~Q · ~X); (12)
~P is identified with ~P” after the sum is performed.
With (11), the momentum distribution is given by
F (~p1) =
∫
d~p2 · · · d~pNF(~P )∫
d~p1 · · · d~pNF(~P )
(13)
which formally completes the deduction. However, an exact evaluation of this is very difficult
and the difficulty is coming from counting of irreducible words formed by the σ′s. To make
the precise connection, we give results upto O(h¯2/L2), an order that is enough for second
virial coefficient. Leaving the tedium of details to a later publication, we just give our result
incorporating all elements leading to O(h¯2/L2),
F2(~p1) = (2πmkT )
−1 exp (−
~p21
2mkT
)
{
1
+(
h
L
)2
1
2πmkT
(2e−
~p2
1
2mkT − 1)G(N, ν) +O(
h4
L4
)
}
(14)
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where
G(N, ν) =
∑
∞
m=0
∑2m+1
K=−2m−1(even)Q
(m)
K (N) cos(πKν)
1 + 2
∑
∞
m=1
∑2m
K=−2m(odd) P
(m)
K (N) cos(πKν)
, (15)
Q
(m)
K is the number of elements in BN composed of
′m′ generators whereby the momentum ~p1
is interchanged with another momentum yielding a character exp(iπKν) (or exp(−iπKν)
since Q
(m)
K (N) = Q
(m)
−K(N)); P
(m)
K (N) is the number of elements in BN contributing to
identity with a character exp(iπKν) ( or exp(−iπKν)). Temperature is introduced above
via the ideal gas law, Eα = NkTα. Unfortunately though, this counting problem stands open
today [18]. It is very important to note that the ansatz (7)-(9) for the special case when
σ2i = 1 for all i where BN reduces to symmetric group, SN , the well-known Fermi-Dirac and
Bose-Einstein distributions follow. On evaluating pressure, Π from (14), denoting area of
the enclosure by A, we get ΠA/kT = 1 − (2A)−1λ2G(N, ν), with λ2 = h2(2πmkT )−1. We
immediately see that G(N, 0)/(2N) and G(N, 1)/(2N) are 2−3/2 and −2−3/2 respectively
yielding the second virial coeffiecient for the Bose and Fermi gases [19]. For the fractional
case, with ν = even number,2j + δ (”boson-based anyons”), comparing our result with [8],
we get the Sum Rule mentioned in the introduction:
− 2−3/2N−1G(N, ν)λ2 = (−1 + 4|δ| − 2δ2)λ2/4, (16)
the right hand side belongs to [8]. It is important to note that our deduction is non-
perturbative and in principle, we can get expressions for higher-order virial coefficients also
[20]. To understand this, we observe that the relation (8) connects two momentum configura-
tions of N particles, and not just the momenta of two particles. Thus, it contains information
that can lead to all virial coefficients. For example, for the third virial coefficient, we need
to evaluate contributions to F (~p1) when three momenta out of N are interchanged. The
denominator of (13) contains those interchanges which braid three strands in such a way
that the initial configuration of momenta is preserved whereas the numerator of (13) con-
tains those which exchange the momentum assignment on all three strands. We have done
the calculation and the third virial coefficient is expressible in terms of the specific counting
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problem of BN . Here, in order to convince the reader, it suffices to make a comparative
discussion with the existing calculation. For this, we write down the total contribution to
the momentum distribution due to a triple interchange emerging from the elements of BN
formed by M generators,
(
L
h¯
)2(N−2) 2M∑
−2M
2
3
I2(N−3)(2mEα − ~p
2
1) cos(πkν)R
M
k (N)
+ 2I2(N−3)(2mEα − 3~p
2
1) cos(πkν)S
M
k (N), (17)
where SMk (N) (R
M
k (N)) are the number of elements of BN that (do not) change the mo-
mentum ~p1. ID(x) denotes the volume of a D-dimensional hyper-sphere of radius x. The
reason we give this result here is to show that (17) is a Fourier series with harmonic terms
like cos 2πν, cos 4πν, and so on, in complete agreement with the conjectured form [21]. It is
becoming evident from the Monte Carlo calculations [22] that the third virial coefficient is
a series with terms as sin2 πν, sin4 πν, and so on. Our formal result is thus in consonance
with these works. Also, we mention that (16), (17) and the Monte Carlo estimates provide
a non-trivial hint on the counting problem itself.
To summarise, we have formulated in this Letter a way to approach Statistical Mechanics
from RMT through the ansatz for eigenfunctions which is an essential dynamical input.
Moreover, we have presented a first-principles-evaluation of the momentum distribution
of a ’Hard-Sphere Anyon Gas’ in the low-density regime which is of a great interest in
current literature. The nature of difficulties, albeit well-known, are made explicit here in
direct connection with the existing wisdom (or ignorance) of theory of braid groups. The
parameter, ν has an analogous partner in quantum chromodynamics [8] and we conjecture
that the anyon gas discussed here and the νπ-parametrised quantum chromodynamics belong
to the same universality class of chiral-Gaussian Unitary Ensemble of RMT.
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